A 2-COLORING OF CAN HAVE ^^(^^i^ + 

MONOCHROMATIC TRIPLES OF THE FORM 

{x,y,x + ay},a>2, BUT NOT LESS! 
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Abstract. We solve a problem posed by Ronald Graham about 
the minimum number, over all 2-colorings of of monochro- 

matic (x,y,x + ay) triples, a > 2. We show that the minimum 
number of such triples is 20(0^+20+3) ~'~ '^('^)- We also find a new 
upper bound for the minimum number, over all r-colorings of [1, n], 
of monochromatic Schur triples, for r > 3. 

1. Introduction 

Recall that the Schur numbers, s{r) , denote the maximal integer n 
such that there exists an r-coloring of [1, n — 1] that avoids a monochro- 
matic solution to X + y = z. For example s(2) = 5 and s(3) = 14. s(5) 
is unknown but is conjectured to be 161. 

The original question about the minimum number, over all 2-colorings 
of [l,n], of monochromatic Schur triples was asked by Ronald Graham 
in 1997. It can be thought of as a bigger scale version of Schur num- 
bers. It was solved in 1998. The answer is ^ + 0{n) that is realized by 
coloring red the first ^ integers, blue the next jj-y ^^d the final 
ones. The first two solutions were given by Robertson and Zeilberger[4] 
and Schoen[5]. Late Datskovsky[l] found another proof. 

Ronald Graham further asked a question generalizing the original 
one. The question was about the minimum number of monochromatic 
{x, y,x + ay) triples, a > 2 on [1, n]. This question is answered in the 
present paper. To solve this problem, we wrote a computer program 
to find an optimal coloring for small n to see some patterns. Then we 
used a newly found "greedy calculus" to obtain a "good" upper bound. 
The final step was to match the lower bound and upper bound of the 
problem. We also apply the greedy calculus to the original question on 
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Schur triples with r > 3, to obtain a new upper bound. 



2. A Greedy Algorithm for The Upper bound for 

X -\- ay — a > 2 

We will show how to find an upper bound for the minimum number, 
over all 2-colorings of [1, n], of monochromatic triples that are solutions 
of x+ay = z, for a fixed integer a > 2. We will obtain this upper bound 
by using the Greedy Algorithm. We denote the colors red and blue. 

The general idea is to keep adding more colors so that, each time, 
the overall coloring has the least number of monochromatic triples. 
Let's remark that our new approach may be also applied to the orig- 
inal case {a — 1), and yields the result of Robertson-Zeilberger and 
Schoen ([4], [5]). For yet another proof of the original case sees [6]. 

First 

We paint the first interval of length k red. We will have |^ monochro- 
matic triples solution oi x + ay — z. 

Second 

We paint the second interval blue. We want to find the length of the 
interval (with this color) so that the overall number of the monochro- 
matic triples is minimum. 

Let the length of this interval be (a -|- j)k (here j is the number we 
want to find). 

The total number of monochromatic triples on the whole interval is 
now ^ + = ^i±^ 

2a ^ 2a 2a 

The total length is N = A; + (a -|- j)k = (1 -|- a -|- j)k. 

So the total number of monochromatic triples in terms of N is 

2a 2a ' 

To find the minimum, we used calculus to get j = The total num- 
ber of monochromatic Schur triples is then 2a(a^+2a+2) • 
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So far so good. We have a coloring that paints the first k integers red, 
followed by painting the next (a + integers blue. 

Third 

Now we try to stick red at the end of the interval, and try to lower the 
overall number of triples. Say the length of this interval is jk, where j 
is the number we want to find. 

The total number of monochromatic Schur triples on the whole interval 

1c fc! ^ fc' ^ = ((a+l)^+l+(a+l)^j^)fc^ 

° 2a 2a(a+l)2 ^ 2a 2a(a+l)2 • 

The total length is = A; + (a + -^)k + jk={l + a + -^ + j)k. 
So the total number of monochromatic Schur triples in term of N is 

((a+l)^+l+(a+l)2j2) ^ ((a+l)2+l+(a+l)2j2)iV2 

2a(a+l)2 \(i+a+^+j)) 2a{(a+l)2+l+(a+l)i)2 ' 

To find the minimum, we again used calculus and got j = The 
total number of monochromatic triples is 2a(a2+2a+3) • coloring for 
the whole interval is a red interval of length equal to /c, a blue interval 
of length equal to {a+-^)k and another red interval of length equal to 
-^k. k is such that the sum of these intervals is N, i.e. k = , ^ ^ , . 

a+1 ' (l+a+^) 

Fourth 

We still try to lower the bound by having a blue interval of length, 
say, jk at the end of the previous interval. But now we got that the 
minimizing j is negative. So we stop. 

As a conclusion, the optimal coloring is proportional to [1, a + -^, ^^], 
with colors [R, B, R] yielding that indeed the minimal number is 2a(a2+2a+3) ' 



3. The Lower Bound of x + ay = z, a>2 

Once there is a simple pattern for an upper bound, there is hope for 
solving the problem. 

The outline of the proof: we find an upper bound for non-monochromatic 
triples in [1, n] instead. This will give a lower bound of the monochro- 
matic triples. 
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Wc use the notation [R, B) and [B, R) for the non-monochromatic pair 
Definition: 

Let |-R| is the number of red points in [l,n]. 
Let is the number of blue points in [l,n]. 

Lemma 1) \{{R, B), {B,R)\ y > x, y-x is divisible by a}\ < 

Proof: 

Let I Til = number of red points at position m in [l,n] where m = i 
mod a. 

Let \bi\ = number of blue points at position m in [l,n] where m = i 
mod a. 

We remark Vi + bi — ^, 1 < i < a and Yli=i '^j — l-^l- 
\{{R,B),{B,R)\ y>x,y-x is divisible by a} | - 

— r (11 — r \ — (Ez°=i T-»)("-E°=l ■^i) 

< , by the Cauchy-Schwartz inequality. 

In addition, equality holds when ri = r2 = ... = Va- □ 

Let Q be two times the number of non-monochromatic triples of the 
solution oi x + ay — z in a. 2-coloring of [1, n]. 

Lemma 2) Q < ^-^+\{{R, B), {B, R)\ y - ax > 0}\ + \{{R, B), {B, R)\ y + ax < 
Proof: 

Q = I {the non-monochromatic pair [x, y) \ 
y > X and y — a; is divisible by a} | 
-|- I {the non-monochromatic pair {x, y)\ y — ax > 0}\ 
+ I {the non- monochromatic pair {x, y)\ y + ax < n}\ 

< mM + \{^R^B),{B,R)\ y-ax>0}\ + \{{R,B),{B,R)\ y + ax < n}\ 
, by lemma 1 □. 
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When the points on the x-axis and the y-axis are painted with either 
color red or blue. 

\{{R, B) , (B , R)\ y + ax < n}\ is the number of non-monochromatic 
coordinate pairs inside the triangle 1. 

Similarly \ {{R, B) , [B , R)\ y — ax > 0} \ is the number of non-monochromatic 
coordinate pairs inside the triangle 2. 





Triangle 1 



Triangle 2 



1 



Theorem 3) Q < 

Proof: 



Definition: 

Let h be the interval from [1, 

Let I2 to be the interval from -|- 1, n]. 
Let ri be the number of red points in Ji. 
Let r2 be the number of red points in I2. 
Let bi be the number of blue points in Ii. 
Let 62 be the number of blue points in I2. 

The basic idea is to optimize the value of Q by making use of lemma 
2. We consider five different cases below. 

Case 1 : bia < ri and r2 < bia. 
Case 2 : 61a < ri and bia < r2- 
Case 3 : 610 > ri and bia < r2- 
Case 4 : bia > ri, bia > r2 and ri -|- r2 > bia. 
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Case 5 : ri + r2 < bia. 

Figure 2 shows the region for each case where {x, y) represents (ri, r2). 
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Definition: 

For fixed ri, r2, 6i, 62, let C be the coloring of [1, n] such that we color 
all the red points in Ii on the leftmost of /i and all the blue points in 
I2 on the leftmost of I2. 

Let Q' be two times the number of non-monochromatic triples of the 
solution oi X -\- ay — z with coloring C of [1, n] . 

For each case, we show that 

Q' + max(Switching(C')) < ^ (1 - ^^). 
The details of the proof are in the appendix. 

Definition: 

Let M^^a(n) be the number of monochromatic triples of the solution of 
x + ay = 2; for a 2-coloring of [1, n]. 



Corollary 4) M^,„(n) > ^^^^^^ + 0(n). 
Proof: 

The total number of triples = | monochromatic triples | + |non- monochromatic triples] 

= ^X,a(") + f ■ 

Since the total number of triples is ^ + 0{n), we have M^a(n) = 

The lower bound of M^ (j(n) follows from the upper bound of Q from 
Theorem 3. □ 



4. A Greedy Algorithm for An Upper bound for Schur 
Triples for t-colorings 

Recall that a monochromatic Schur Triple is a triple (a, b, c) with the 
same color such that a + b—c. 

The method to obtain the upper bounds in this section is similar to 
the one in section 2. In general we start with the first interval with 
color 1. Then we add interval 2 with color 2 in the optimal way. Then 
we add the third interval starting with color 1. If we get a positive 
solution , we move to the fourth interval. Otherwise we try with color 
2. We keep going on in this fashion until there is no color that gives a 
positive solution. 

Since there are many intervals involved in the computation, it is too 

much computation to do by hand. We wrote a computer program to 
help us compute the solutions for each r-coloring. The work was not 
so straightforward as we thought, since the details of counting triples 
and doing calculus at the same time are a bit tricky. But we made it 
at the end. We list the colorings up to r = 5, as examples, below. 
The program is available for download from the author's web site. 

Definition: 

C = list of the coloring in order. 

L = length of each interval (proportional to each other) corresponding 
to each color in C. 

N = number of monochromatic Schur triple according to C and L. 
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r = l, C=[ll L=[l], N = ^^ + 0(n). 

r = 2, [1,2,1], N=f^ + 0(n). 

r = 3, C= [1,2,1,3,1,2,1], L = [1, |, 1, 3, i, |f , ^], N = + 0(n) 



132.7234 



+ 0(n). 



After r = 3, the lengths of the intervals are fractions with huge numer- 
ators and denominators. So we omit C and L here. 

r = 4 N = 69631222699293042329481527w^ , r)(j.\ ^ ■n? i r)(^\ 
' 67076984091396704809405315398 ^v"'^ 963.3176 ^\'^)- 

For r = 6, the length of the intervals are even larger fractions. This 
caused Maple to slow down. We waited for about 8 hours and we 
stopped. We did not get an answer. 

However we were not really disappointed about this failure. The algo- 
rithm is more important. 



5. Conclusion 

We have completely solved the problem for triples x + ay = z^a>2, 
in the 2-color case. We also have new upper bounds for Schur triples 
X + y = iov r-colorings, r > 3 that considerably improved those of 
[4]. But we failed to match the lower and upper bounds for this prob- 
lem. There is a possibility that the argument for the lower bound used 
in the first problem can be adapted for the second problem. But the 
details of such an argument seem too complicated. We believe these 
upper bounds are actually optimal. There might even be a beautiful 
simple way to solve it, but we failed to find it this time. We leave it as 
a conjecture. 



Conjecture: 

The (asymptotic) number of minimum Schur triples of r-colorings of 
[l,n], r > 3, are the same as the upper bounds obtained from the 
Greedy Algorithm. 
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Appendices 
More details of the proof of theorem 3 
Definition: 

Let Switching(C") be a gain of the number of non-monochromatic 
triples of triangle 1 and triangle 2 after any switching of color of red 
and blue points of the coloring C (define in Theorem 3) of [1, n]. 

We first derive an upper bound of Switching(C"). 

We work on a switching of the second area on the right here. You can 
get similar results of the first picture on the left. 




Definition: 

Let G = the number of gain of non-monochromatic pair after switch- 
ing. 

Let L = the number of lost of non-monochromatic pair after switching. 

Let ei and e2 be the area under the bold line of r2 and 62 respectively. 
Let Si and S2 be the non-monochromatic pairs in the bottom part un- 
der the bold line of r2 and 62 when you do the switching respectively. 
Let ti and ^2 be the area under 82 in r2 and 62 intervals respectively. 
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The picture explains how the lost and gain from switching of two inter- 
vals of different colors. In general when we switch, the switching points 
do not need to be in one interval. However we get the same result. 

Switching Lemma) 

Max( Switching (C)) — max( area2 + area6 -areaS - area4 +{ti — 12) + 
(si -S2)). 

Proof: 

G — r2/i — €1 - area3 - area4 + si. 
L = 62/1 — 62 - areal - area2 -|-S2- 

G — L — [{r-2 — 62)11 — ei — areaS) — ((62 — ^2)11 — €2 — areal) 
-|-area2 — area4 + si — <S2 
= (areaG — ^2) — (area5 — ti) + area2 — area4 + si — S2 
— area2 + area6 — areaS — area4 + (ti — ^2) + (si — 82)- □ 

To show for each of the 5 cases that Q' + max(Switching(C")) < 
^(1 — ^2_(_2a+3 )- consider the switching for each cases separately 
and apply calculus on Q — {Q' + max ( Switching (C))). The calculation 
is implemented in our Maple program. The program is also available 
for download from the author's web site. 

About the program 

We showed the details of the program written in Maple to do the greedy 
algorithm for the upper bound of Schur triples with r-coloring in sec- 
tion 4. 

Main functions: 

minAllST{n, r) 

input: length of interval n, number of color r. 

output: the r-coloring of all the interval of length n that has the least 
number of monochromatic Schur triples. 

Ord{C,L,n) 

input: the list of coloring, the list of length corresponding to each 
color in C, symbol n. 
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output: the number of the monochromatic Schur triples of order v?. 



Zeil{r) 

input: number of color r. 

output: the coloring with length of each coloring and also the total 
number of triples of order that obtained from Greedy Algorithm. 
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